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e n t h a l p y ,  and t h e  Grune i sen  p a r a m e t e r ,  The 
r e s u l t s  a r e  compared w i t h  t h e  Nerns t -  
11 
Lindemann E q u a t i o n ,  Grune i sen  e q u a t i o n  o f  
s t a t e ,  and t h e  t h e o r e t i c a l  c a l c u l a t i o n s  
of  Bar ron ,  Gupta,  e t .  a l . ,  G i l l i s ,  e t .  a l . ,  
and Goldman, e t .  a l .  
E x c e l l e n t  agreement  i s  found a t  low 
t e m p e r a t u r e s  between t h e  p r e s e n t  r e s u l t s  
and c a l c u l a t i o n s  based on  anharmonic models .  
However, d i s c r e p a n c i e s  a r i s e  a t  h i g h e r  t e m -  
p e r a t u r e s .  
I n  r e c e n t  y e a r s  renewed i n t e r e s t  h a s  been shown i n  
t h e  s o l i d  s t a t e  p r o p e r t i e s  o f  t h e  nob le  g a s e s .  The f i r s t  
r ev iew a r t i c l e  on t h i s  s u b j e c t  was p u b l i s h e d  i n  1957,  1 
and s i n c e  t h e n  s e v e r a l  o t h e r s  have  appeared .  2-6 In -  
t e r e s t  i n  t h e  n o b l e  g a s  s o l i d s  (NGS) i s  due mainly  t o  
t h e  f o l l o w i n g  f a c t o r s :  
( a )  The atoms o f  t h e s e  s o l i d s  have c l o s e d  e l e c t r o n i c  
s h e l l s ,  Thus,  no f r e e  e l e c t r o n s  o r  magne t i c  moments are 
available t o  c o n t r i b u t e  to the thermodynamic p r o p e r t i e s ,  
The thermodynmic properties of the N G S  are therefore 
determined only by lattice dynamics. 
(b) The intermolecular forces between NGS atoms 
are to a good approximation spherically symmetric, cen- 
tral, two body forces. The intermolecular potential 
can then be written in a simple analytic form. And one 
often uses the Mie-Lennard-Jones potential: 
where the parameters E and a represent the potential 
minimum between two NGS atoms and the separation at the 
potential minimum respectively. 
(c) This class of solids, which consists of Rn, 
Xe, Kr, Ar, Ne, and He forms a series whose behavior 
ranges from classical to q~anturn.~ The heavier NGS, 
such as xenon, exhibit classical behavior, while the 
lighter ones such as neon exhibit quantum behavior. 
The rare gas solids, then, form an ideal testing 
ground for the study of the various models of lattice 
dynamics which have been proposed. Due to the fact that 
the intermolecular potential is pairwise additive and sf 
a simple form, t h e  very complicated sums found in lattice 
BynamicaP theories can be eva lua ted  and compared with ex- 
per imentab r e s u l t s .  I n  a d d i t i o n ,  by app ly ing  a l a t t i c e  
dynamics t h e o r y  t o  v a r i o u s  members of t h e  N G S ,  one i s ,  
i n  e f f e c t ,  a b l e  t o  " t u r n  on" quantum e f f e c t s  and d e t e r -  
mine a t  what p o i n t  t h e  t h e o r y  b r eaks  down. 
Some of  t h e  above s t a t e m e n t s  r e p r e s e n t  a n  i d e a l i z e d  
s o l i d .  There  i s  r e a s o n  t o  b e l i e v e ,  f o r  example, t h a t  t h e  
i n t e r m o l e c u l a r  f o r c e s  a r e  n o t  comple te ly  p a i r w i s e  a d d i t i v e .  
Many-body e f f e c t s  may be  p r e s e n t .  However, i t  i s  g e n e r a l -  
l y  b e l i e v e d  4 ' 8  t h a t  t h e y  do n o t  p l a y  a n  impor t an t  r o l e  i n  
t h e  thermodynamic p r o p e r t i e s  of t h e s e  s u b s t a n c e s .  The 
q u e s t i o n  o f  u s i n g  t h e  e m p i r i c a l  Lennard-Jones p o t e n t i a l  
t o  r e p r e s e n t  t h e  real  p o t e n t i a l  between two NGS atoms 
ha s  been t h e  s u b j e c t  o f  a g r e a t  d e a l  o f  d i s c u s s i o n .  The 
consensus  i s  t h a t  t h i s  p o t e n t i a l  s t i l l  p r o v i d e s  t h e  b e s t  
s o u r c e  o f  i n f o r m a t i o n  abou t  atoms w i t h  c l o s e d  s h e l l s ,  
e s p e c i a l l y  i n  t h e  neighborhood o f  t h e  p o t e n t i a l  minimum. 
The assumpt ion of p a i r w i s e  a d d i t i v e  f o r c e s  t o g e t h e r  w i t h  
t h e  Lennard-Jones p o t e n t i a l  a l l o w s  one t o  make ve ry  use-  
f u l  comparisons between t h e  v a r i o u s  t h e o r i e s  o f  l a t t i c e  
dynamics and expe r imen t a l  measurements.  
We have measured t h e  s p e c i f i c  h e a t  at c o n s t a n t  
p r e s s u r e 9  of s o l i d  2 0 ~ e  and 2 ~ e  between 2.2 K and t h e  
triple p o i n t .  Neon is a p a r t i c u l a r l y  i n t e r e s t i n g  member 
of t h e  NGS because it e x h i b i t s  moderate quantum behav io r .  
- - 
*~heories which are capabPe of accurately predicting the 
properties of the heavier noble gas solids may fail when 
applied to neon, Thus, solid neon provides a more 
stringent test of lattice dynamical theories. On the other 
hand it is simpler than solid helium, and so it may be 
used as a preliminary stage in the development of a 
theory with which the thermodynamic properties of all NGS, 
including solid helium, may be understood. 
Earlier measurements of the specific heat of solid 
neon isotopes were reported by Clusius et. al.1° at tem- 
peratures above 8 K. In addition, the specific heat of 
natural neon (compased of 90.9% 20~e, 8.8% 2 2 ~ e ,  and .3% 
21~e)11 has been measured independently by two groups. 12,13 
The present data will be compared with these previous 
measurements as well as with the results of various models 
of solids and theories of lattice dynamics. 
I. EXPERIMENTAL METHOD 
The specific heat measurements were performed in a 
modified version of the apparatus described by Shinozaki 
and Aa?rott* l4 Two cylindrical calorimeters, constructed 
of thin-walled tellurium copper (-018'' thickness),ere 
incorporated into the cryostat so t h a t  the s p e c i f i c  heat 
of " ~ e  and 2 Z ~ e  cou ld  be measured s imu l t aneous ly .  So ldered  
t o  t h e  i n s i d e  o f  each  c a l o r i m e t e r  was a r o l l e d  s t r i p  o f  
c o r r u g a t e d  copper  f o i l  which s e rved  t o  d i s t r i b u t e  t h e  
h e a t  t o  a l l  p a r t s  o f  t h e  sample. When f u l l ,  e ach  c a l o r i -  
me t e r  h e l d  . 2  moles o f  s o l i d  neon. 
The c a l o r i m e t e r s  were suspended by means o f  t h e i r  
f i l l i n g  t u b e s  from a copper  p l a t f o r m  which s e rved  as a 
h e a t  s i n k .  Th i s  p l a t f o r m  w a s  i t s e l f  suspended from t h e  
t o p  o f  t h e  vacuum can  t y  t h r e e  th in -wal led  s t a i n l e s s  s t e e l  
t u b e s .  A l l  e l e c t r i c a l  l e a d s  and c a p i l l a r y  t u b e s  were 
t h e r m a l l y  anchored t o  t h e  t o p  o f  t h e  vacuum c a n  as w e l l  
as t o  t h e  copper  p l a t f o r m .  The t empe ra tu r e  d i f f e r e n c e  
between t h e  p l a t fo rm  and t h e  c a l o r i m e t e r  was moni tored  
by means o f  a Au-Co v s .  chrome1 thermocouple.  By h e a t i n g  
t h e  p l a t f o r m  when n e c e s s a r y  i t s  t empe ra tu r e  cou ld  a lways  
be k e p t  v e r y  n e a r l y  t h e  same as t h a t  of  t h e  c a l o r i m e t e r s .  
Th i s  p rocedure  reduced t h e  f low of  h e a t  between t h e s e  p a r t s ,  
t h e r e b y  improving t h e  t empe ra tu r e  s t a b i l i t y  o f  t h e  
c a l o r i m e t e r s .  The i n i t i a l  c o o l i n g  of  t h e  c a l o r i m e t e r s  
w a s  provided by a mechan ica l  h e a t  s w i t c h  which w a s  t h e r -  
ma l l y  anchored t o  t h e  t o p  o f  t h e  vacuum can .  
Temperatures were measured with t w o  germanium re- 
sistance thermometers15 of similar characteristics, one 
at tacked to each calorimeter by mear,s of G , E ,  i n s u l a t i n g  
v a r n i s h  No, 7 0 3 1 ,  1 6  These thermometers were calibrated 
simultaneously in the eryostat described above. At 
temperatures below 4.2 K they were calibrated using the 
vapor pressure of liquid helium and the N. B. S. 1958 
temperature scale17 using the calorimeters themselves 
as vapor pressure bulbs. Above 4.2 K the calibration 
was done by means of a helium constant volume gas ther- 
mometer. l8 The helium virial coefficients of Keesom 19 
were used. The temperature - resistance data were fitted 
to the equation given by Ahlers and Macre. 20 
The neon samples were obtained from Mound Laboratories. 21 
The following are the purities quoted by the supplier: 
2 2 ~ e  - 9 9 %  2 2 ~ e  in total neon 
9 9 %  total neon 
2 0 ~ e  - 9 9 . 5 %  2 0 ~ e  in total neon 
99% total neon 
Only .l4 moles of  ON^ and .la moles of 2 2 ~ e  were 
available for the experiment; thus it was important to 
transfer as much of the samples as possible to the calori- 
meters and to minimize the amount left in the storage 
tanks. A toepler pump was used for this purpose, A 
given amount of the smple to be measured (usually about 
$01 mole) was first allowed to flow from its low pressure 
storage cylinder i n t o  a measuring ehmber Built of pre- 
cision Bore tubing, Me~e the quantity 05 gas  was found tc 
an  accuracy o f  - 4 %  by measus ing h e i g h t s  sf mercury w i t h  a 
c a t h e t o m e t e r .  The sample w a s  t h e n  t r a n s f e r r e d  t o  t h e  
c a l o r i m e t e r ,  which was k e p t  a t  l i q u i d  neon t e m p e r a t u r e  
( 2 4 . 5  t o  2 7  K ) .  T h i s  p r o c e s s  was r e p e a t e d  s e v e r a l  t i m e s  
u n t i l  most o f  t h e  a v a i l a b l e  g a s  had been measured and 
t r a n s f e r r e d  t o  t h e  c a l o r i m e t e r .  Towards t h e  end o f  t h e  
f i l l i n g  p rocedure  t h e  p r e s s u r e  o f  t h e  neon i n  t h e  s t o r a g e  
t a n k  f e l l  t o  such a low l e v e l  t h a t  i t  became n e c e s s a r y  
t o  u s e  t h e  t o e p l e r  pump i n  o r d e r  t o  t r a n s f e r  g a s  from 
t h e  s t o r a g e  t a n k  i n t o  t h e  measur ing  chamber. The temp- 
e r a t u r e  and p r e s s u r e  of  t h e  samples  i n  t h e  c a l o r i m e t e r  
were c a r e f u l l y  moni to red  d u r i n g  t h e  e n t i r e  f i l l i n g  p r o c e s s  
i n  o r d e r  t o  p r e v e n t  f o r m a t i o n  o f  b l o c k s  i n  t h e  f i l l i n g  
l i n e s .  
A f t e r  f i l l i n g  t h e  c a l o r i m e t e r s  t h e  t e m p e r a t u r e  o f  
t h e  c r y o s t a t  was k e p t  a t  t h e  t r i p l e  p o i n t  o f  neon f o r  
s e v e r a l  h o u r s  w h i l e  t h e  he l ium exchange g a s  which w a s  
n e c e s s a r y  i n  t h e  f i l l i n g  p r o c e s s  was pumped o u t  o f  t h e  vacuum 
can. The samples were t h e n  a l lowed t o  c o o l  s l o w l y  t o  4 . 2  K O  
T y p i c a l l y  i t  t o o k  six h o u r s  f o r  t h e  samples t o  c o o l  from 
t h e  t r i p b e  p o i n t  t o  4,2  K. I t  w a s  hoped t h a t  t h i s  s low 
cooling would cause t h e  neon to s o l i d i f y  i n t o  a small number 
of single crystals with a minimum number of imperfections, 
The usual heat pulse t e c h n i q u e  was used  t-o measuse the 
specific heat. The voltage across each germanium resis- 
tance thermometer was measured with a ~uildline~ model 
9160 GB six dial potentiometer whose off balance dc signal 
was amplified with a ~ e i t h l e ~ ~ ~  type 148 nanovoltmeter and 
fed into a strip chart recorder. This resulted in a 
temperature vs time graph for each specific heat data 
point. By switching the potentiometer from one resistance 
thermometer to the other, temperature vs. time plots were 
obtained simultaneously for both solids. At temperatures 
below 5 K the combinations of heat leaks and low heat 
capacity of the samples caused their temperatures to change 
rapidly with time at different rates. It was much more 
difficult to carry out simultaneous measurements at these 
low temperatures, although each sample could be measured 
individually. 
It should be noted that the simultaneous measurement 
of specific heat as outlined above does not increase the 
accuracy or sensitivity of the measurements. It was found, 
for example, that the scatter of experimental points 
between several runs was no longer than the scatter within 
a run, The advantage of the simultaneous method is that it 
allows the measurements to be done more quickly, The gain 
in accuracy comes about in the simultaneous calibration of 
the ger3:.mani-tram k h e a ~ m s m e t e r s s  Any sys"cemakic erzlar will 
affect both thermometers i n  the same w a y  and w i l l  t e n d  t o  
c a n c e l  o u t .  
$1. RESULTS - COMPARISONS WITH PREVIOUS MEASUREMENTS 
Simul taneous  s p e c i f i c  h e a t  measurements of  s o l i d  
2 0 ~ e  and 2 2 ~ e  were made i n  t h r e e  s e p a r a t e  r u n s  i n  t h e  r a n g e  
2 . 2 K  and 23K. The e x p e r i m e n t a l  d a t a  a r e  g i v e n  i n  Appendix 
I and 11 f o r  *ONe and 2 2 ~ e  r e s p e c t i v e l y .  24 
The c a l c u l a t e d  e x p e r i m e n t a l  e r r o r  below l S K  i s  2 % .  
Above 18K u n c e r t a i n t i e s  i n  t h e  t e q e r a t u r e  g i v e n  by t h e  
g a s  thermometer  r e s u l t e d  i n  a n  e r r o r  of  6 % .  I n  a d d i t i o n ,  
a t  h i g h e r  t e m p e r a t u r e s  t h e r e  i s  a s y s t e m a t i c  e r r o r  i n -  
t r o d u c e d  by t h e  f a c t  t h a t  as t h e  sample i s  h e a t e d  some 
o f  t h e  h e a t  goes  i n t o  v a p o r i z i n g  t h e  s o l i d .  T h i s  error 
r e a c h e s  a b o u t  PO% a t  t h e  t r i p l e  p o i n t .  l3  We e s t i m a t e  t h e  
e r r o r  i n  AC t h e  d i f f e r e n c e  i n  t h e  s p e c i f i c  h e a t  be- 
P '  
tween t h e  two i s o t o p e s ,  t o  be  8% f o r  t e m p e r a t u r e s  below 
l8K, and h i g h e r  above ,  
A f t e r  examining t h e  d a t a  w e  found no s y s t e m a t i c  d i f -  
f e r e n c e s  i n  t h e  d a t a  from d i f f e r e n t  r u n s .  Tha t  i s ,  t h e  
scatter sf experimental points within a sun was the same 
as scatter between several runs, I n  a d d i t i o n ,  there w a s  
no significant difference in the spec i f i c  heat when measured  
in different calorimeters, For these reasons it was f e l t  
j u s t i f i e d  t o  f i t  a l l  t h e  d a t a  p o i n t s  from a l l  r u n s  f o r  each  
i s o t o p e  t o  a polynomial  curve .  The smoothed CD v a l u e s  9 
.% 
f o r  2 0 ~ e  and 2 2 ~ e  t h u s  o b t a i n e d  a r e  g i v e n  i n  Tab le  I and 
Tab le  I1 r e s p e c t i v e l y .  
Using t h e  smooth v a l u e s  o f  C w e  have c a l c u l a t e d  t h e  P  
s p e c i f i c  h e a t  a t  c o n s t a n t  volume C V  from t h e  r e l a t i o n :  25 
where t h e  expe r imen t a l  v a l u e s  f o r  t h e  e x p a n s i v i t y  8 ,  
d e n s i t y  p ,  and i s o t h e r m a l  c o m p r e s s i b i l i t y  xT o f  Ba t che lde r  
e t  a l .  2 6 3 2 7  have been used.  I n  a d d i t i o n ,  t h e  en t ropy  S 
and t h e  e n t h a l p y  H have been c a l c u l a t e d  by d i r e c t  i n t e -  
g r a t i o n  of  t h e  C d a t a .  Smoothed v a l u e s  of  t h e s e  q u a n t i t i e s  
P  
appea r  i n  Tab l e s  I and 11. These t a b l e s  a l s o  i n c l u d e  t h e  
I f  
Gruneisen pa ramete r  y of each  i s o t o p e  as a f u n c t i o n  o f  
t empe ra tu r e .  Th i s  w a s  c a l c u l a t e d  from t h e  e x p r e s s i o n  25 
The present results may be compared with the pre- 
v i o u s  i so tope  measurements of C l u s i u s  et ii11.~' and w i t h  
recent  n a t u r a l  neon measusements. 12'13 W E  f i n d  t h a t  o u r  
measupements are g e n e r a l l y  6 %  higher thaw those 06 Caus ius  
e t  a l e  We canno t  f i n d  any r e a s o n  f o r  t h i s ;  however,  s i n c e  
o u r  A ON^ d a t a  are i n  good agreement  w i t h  t h e  n a t u r a l  neon 
measurements o f  F e n i c h e l  and ~ e r i n l *  and of  Fagers t roem 
and ~ o l l i s - H a l l e t 1 3  we f e e l  t h a t  o u r  c a l o r i m e t r y  t e c h n i q u e s  
a r e  sound. When t h e  d i f f e r e n c e s  i n  t h e  s p e c i f i c  h e a t s  o f  
 ON^ and 2 2 ~ e  a r e  compared (see F ig .  6 1, t h e  d a t a  o f  
C l u s i u s  e t  a l ,  and t h e  p r e s e n t  d a t a  a g r e e  t o  w i t h i n  
t h e  combined e x p e r i m e n t a l  e r r o r s .  
I n  making comparisons between v a r i o u s  s e t s  o f  s p e c i f i c  
h e a t  d a t a ,  i t  i s  c o n v e n i e n t  t o  compare t h e  Debye t e m p e r a t u r e  
C O r a t h e r  t h a n  t h e  s p e c i f i c  h e a t  d a t a  i t s e l f .  T h i s  i s  done 
i n  F ig .  1 where we p r e s e n t  o u r  r e s u l t s  t o g e t h e r  w i t h  a 9 1  
o t h e r  a v a i l a b l e  d a t a .  The t a b l e s  o f  ~ i g u G r e  and B o i s v e r t  2 8  
were used t o  c o n v e r t  t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  volume 
C t o  O . The f i g u r e  d e m o n s t r a t e s  t h e  l a r g e  d i s c r e p a n c y  be- 
tween t h e  C l u s i u s  work and t h e  p r e s e n t  r e s u l t s .  The ag-  
reement  between o u r  2 0 ~ e  c u r v e  and t h e  n a t u r a l  neon o f  
F e n i c h e l  and S e r i n  i s  q u i t e  good. However, w e  n o t e  t h a t  t h e  
o s c i l l a t i o n s  i n  t h e  Debye t e m p e r a t u r e  c u r v e  a p p e a r i n g  i n  
t h e i r  data are n o t  as pronounced i n  the p r e s e n t  r e s u l t s .  
I n  F i g ,  2 is plotted the Debye temperatures corrected 
f o r  thermal expansion, Such a procedure  i s  followed in 
ordei? to f d c i _ b i L a k ~  c o r n p d s i s s n  ot the experimental resu l t s  
w i t h  t h e  quasiharmonic t heo ry .  T h i s  i s  done by r e d u c i n g  
t h e  Bebye t e m p e r a t u r e  cor respond ing  t o  t h e  a c t u a l  c r y s t a l  
C volume, 6 (V,T) ,  t o  t h e  Debye t e m p e r a t u r e  c o r r e s p o n d i n g  
C t o  t h e  c r y s t a l  volume a t  O K ,  O (Vo,T). The f o l l o w i n g  
r e l a t i o n z 9  was used t o  o b t a i n  Fig .  2 f rom F i g .  1. 
I 1  
The v a l u e s  of  t h e  Grune i sen  pa ramete r  y, were t a k e n  from 
27 T a b l e s  I and I1 and p from B a t c h e l d e r  . I n  a d d i t i o n  
t o  a l l  t h e  o t h e r  p o i n t s  of  F ig .  I ,  F i g .  2 a l s o  i n c l u d e s  
t h e  n a t u r a l  neon d a t a  o f  Fagestroem and H o l l i s - H a l l e t  1 3  
t a k e n  from t h e  p a p e r  of B a t c h e l d e r  e t  a l .  2 7  
By e x t r a p o l a t i n g  t h e  p r e s e n t  measurements t o  a b s o l u t e  
z e r o  we have c a l c u l a t e d  t h e  Debye t e m p e r a t u r e  0: and t h e  
s u b l i m d t i o n  energy  Lo a t  T = OK. We o b t a i n  f o r  2 0 ~ e  : 
0:(20) - 74.5 + l . 2 K  and L o ( 2 0 )  = 461 + 9  c a l .  f o r  22.Ne: 
C 00(22)  = 71.7 + l . 2 K  and Lo(22) 2 469 + 9 c a l .  These 
r e s u l t s  have  been d i s c u s s e d  i n  g r e a t e r  d e t a i l  e l s e w h e r e .  3 0 
In comparing o u r  results w i t h  t h e o r y  w e  shall restrict 
the discussion to temperatures helaw 18K, The reason f o r  
t h i s  is t h a t  t h e  erx7ur in C V  ac h i g h  i e ~ ~ l p e r a t u r e s  i
considerably greater than at lower temperatures. This 
large error arises not only from the error in the C P 
data discussed in Section 11, but is also due to the large 
error in the measured values of compres,sibility at high 
temperatures. 2 7  In addition to this, at temperatures 
near the triple point thermal generation of vacancies in 
the crystal begin to contribute significantly to its 
thermodynamics proper tie^.^^ No attempt was made to ac- 
count for this fact in our data analysis. We estimate 
that this omission will contribute at most an error of 
5% at the triple point and much smaller for temperatures 
below l8K. 
A. Early Theories 
Although, as previously mentioned, the isotopes 
of neon are expected to deviate significantly from clas- 
sical behavior, it is of some value to compare the present 
experimental results with some of the early model theories. 
This comparison is especially interesting in view of the 
conclusions of the frequency shift model of ~ a r r o n ~ ~  which
predicts t h a t  in the l o w  temperature limit the thermo- 
dynarrric propertjes sf ankriasanonic cpystabs as f u n c t i o n s  sf 
temperature will a p p e a r  t o  be l i l c e  those  s f  harmonic 
c r y s t a l s ,  The t e m p e r a t u r e s  must be low enough and i n  t h e  
range  where,  t h e  z e r o  p o i n t  energy i s  much l a r g e r  t h a n  t h e  
t h e r m a l  ene rgy  o f  t h e  c r y s t a l .  For neon a t  t h e  t r i p l e  
p o i n t  t h e  z e r o  p o i n t  ene rgy  i s  t h r e e  t i m e s  t h e  t h e r m a l  
ene rgy ,  s o  t h a t  t h e  ha rmonic - l ike  b e h a v i o r  s h o u l d  be  n o t i -  
c e a b l e  over  a  l a r g e  p o r t i o n  o f  t h e  t e m p e r a t u r e  r a n g e  o f  
t h e  s o l i d  neon i s o t o p e s .  T h i s  t y p e  o f  compar ison w a s  
made f o r  a r g o n  by P e t e r s o n  e t  a l .  3 3  I t  was found t h a t  t h e  
e x p e r i m e n t a l  r e s u l t s  f o r  a r g o n  were i n  good agreement  
w i t h  some of t h e  e a r l y  model t h e o r i e s  o f  s o l i d s .  I t  
seem t h e r e f o r e  wor thwhi le  t o  make t h e  same k i n d  o f  com- 
p a r i s o n  f o r  t h e  more anharmonic c r y s t a l s  of neon. 
One o f  t h e  e a r l y  e m p i r i c a l  r e l a t i o n s  i s  t h e  Nerns t -  
L indemann e q u a t i o n  : 2 5  2 ( C p  - CV)/CpT = A ,  where A i s  
assumed t o  be independen t  o f  t e m p e r a t u r e ,  I n  t h e  c a s e  o f  
t h e  neon i s o t o p e s  i t  i s  found t o  be a p p r o x i m a t e l y  a  
c o n s t a n t ,  v a r y i n g  by onby 3 %  i n  t h e  t e m p e r a t u r e  r a n g e  
between 5 K  and l 6 K .  The a v e r a g e  v a l u e s  o f  A i n  t h i s  
r a n g e  a r e :  
A - ( 4 9 . 2  t 1.0) x 101; m o l e s / j o u l e  f o r  20he 
A: ( 4 8 . 5  F 2 . 0 )  x 1 0  m o l e s / j o u l e  for 22he 
There i s  a drop in A at $ow and h i g h  temperatures f o r  both 
is~topes, The low temperature  drop i s  caused by ex- 
perimental uncertainties which arise from the fact t h a t  
A i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  c o e f f i c i e n t  o f  
t h e r m a l  e x p a n s i o n  - a q u a n t i t y  which i s  v e r y  d i f f i c u l t  
t o  measure  a c c u r a t e l y  a t  low t e m p e r a t u r e s .  The h i g h  
t e m p e r a t u r e  d r o p  i n  A i s  rea l .  
Ano the r  e a r l y  e m p i r i c a l  r e l a t i o n  we s h a l l  d i s c u s s  i s  
11 
t h e  Grune i sen  e q u a t i o n  o f  s ta te .  The e q u a t i o n  i s :  34  
where VT i s  t h e  m o l e c u l a r  volume a t  t e m p e r a t u r e  T ,  
"0 
i s  t h e  m o l e c u l a r  volume a t  a b s o l u t e  z e r o ,  and ET i s  t h e  
t h e r m a l  e n e r g y .  The c o n s t a n t s  Q and b  a r e  g i v e n  by:  
where Xoand Yo are t h e  a b s o l u t e  z e r o  v a l u e s  o f  t h e  corn- 
I t  
p r e s s i b i l i t y  and G r u n e i s e n  p a r a m e t e r ,  r e s p e c t i v e l y .  The 
i n t e g e r s  rn and n a r e  t h e  e x p o n e n t s  o f  t h e  i n t e r m o l e -  
c u l a r  p o t e n t i a l  e q u a t i o n  when w r i t t e n  i n  t h e  form:  
The t h e r m a l  ene rgy  ET has  been c a l c u l a t e d  by g r a p h i c  
i n t e g r a t i o n  o f  C V .  According t o  E q .  5 a  p l o t  o f  E ~ V o  
A V  
v s  ET shou ld  y i e l d  a s t r a i g h t  l i n e  whose i n t e r c e p t  on  
t h e  v e r t i c a l  a x i s  i s  Q and whose s l o p e  i s  b. T h i s  g r a p h  
has  been p l o t t e d  f o r  t h e  neon i s o t o p e s  i n  F ig .  3. I n  
t h e  t e m p e r a t u r e  r a n g e  9K t o  18K t h e  e x p e r i m e n t a l  p o i n t s  
do indeed  f a l l  a l o n g  a s t r a i g h t  l i n e .  The v a l u e s  o f  
Q and b  o b t a i n e d  from t h e  g r a p h  are: 
3  For 2 0 ~ e  Q = 5 . 5 1  x  1 0  j o u l e s / m o l e  
b = 6.67 
For 2 2 ~ e  Q = 5.66 x  l o 3  j o u l e s / m o l e  
b = 6.23 
The s e l f - c o n s i s t a n c y  o f  t h i s  t h e o r y  c a n  be  checked by 
c a l c u l a t i n g  t h e  c o n s t a n t s  Q from E q .  6a and comparing them 
w i t h  t h e  above v a l u e s .  I n  o r d e r  t o  do  t h i s  t h e  p a r a m e t e r  
y h a s  been t a k e n  t o  be  2.78 f o r  b o t h  i s o t o p e s .  T h i s  i s  t h e  
v a l u e  o b t a i n e d  from F ig .  4 i f  t h e  a p p a r e n t  d r o p  o f  t h e  
c u r v e  a t  low t e m p e r a t u r e s  i s  i g n o r e d .  The v a l u e s  o f  Vo and 
are t a k e n  from B a t c h e l d e r .  27  The r e s u l t s  a r e :  Q = 5.35 x  1 0  3  xo 
3 j o u l e s / m o l e  f o r  2 0 ~ e  and Q = 5 . 5 1  x 1 0  j o u l e s / m o l e  for  
2 2 ~ e ,  which a r e  i n  good agreement  w i t h  t h e  v a l u e s  o f  Q 
c a l c u l a t e d  from F i g ,  3 .  I n  p a r t i c u l a r  t h e  2 ,7% d i f f e r e n c e  
between Q of * ' ~ e  and 2 2 ~ e  o b t a i n e d f r o m  F i g .  3 i s  in ex- 
c e l l e n t  agreement  w i t h  t h e  v a l u e  3 %  o b t a i n e d  u s i n g  Eg. 6a 
and e x p e r i m e n t a l  v a l u e s  o f  Vo ,  x,. and y . However, the 0 
v a l u e  obtained from E q .  6b for the sum of t h e  exponen t s  
a p p e a r i n g  i n  t h e  i n t e r m o l e c u l a r  p o t e n t i a l  e q u a t i o n  (Eq.7)  
i s  3 3 . 4  f o r  *ONe and 37.6 f o r  2 2 ~ e ,  which are much l a r g e r  
t h a n  t h e  v a l u e  of  18 commonly used f o r  bo th .  
The f i n a l  e m p i r i c a l  r e l a t i o n  w e  s h a l l  d i s c u s s  i s  a l s o  
11 
due t o  Grune i sen .  According t o  t h i s  model ,  t h e r e  e x i s t s  
11  
a  pa ramete r  ( t h e  Gruneisen  pa ramete r  y) which i s  a measure  
of  t h e  dependence o f  t h e  normal  f r e q u e n c i e s  of t h e  c r y s t a l  
on volume. I t  i s  r e l a t e d  t o  s e v e r a l  thermodynamic q u a n t i -  
t i e s  of  t h e  s o l i d  as shown i n  Eq. 3  and i s  assumed t o  b e  
1 I 
independen t  o f  t e m p e r a t u r e .  I n  F ig .  4 t h e  Grune i sen  p a r a -  
meters f o r  t h e  neon i s o t o p e s  are p l o t t e d  a g a i n s t  t e m p e r a t u r e .  
The upper  c u r v e  g i v e s  t h e  r e s u l t s  o f  C l u s i u s  e t  a l .  and  
t h e  lower  c u r v e ,  t h e  p r e s e n t  r e s u l t s .  The d a t a  of  B a t c h e l d e r  
e t  a l .  f o r  8, p ,  and xT have been used .  I n  t h e  r a n g e  be- 
tween 5 K  and 17K t h i s  p a r a m e t e r  i s  e s s e n t i a l l y  t e m p e r a t u r e  
i n d e p e n d e n t .  The g raph  a l s o  shows no i s o t o p i c  d i f f e r e n c e  
i n  y, T h i s  i s  i n  agreement  w i t h  t h e  s p e c i f i c  h e a t  ex- 
p e r i m e n t s  o f  Sample and  wens son^^; who found t h a t  y i s  
i s o t o p i c a l l y  i n v a r i a n t  i n  t h e  s o l i d  he l ium i s o t o p e s .  A s  
i n  t h e  case of t h e  Nernst-Lindemann c o n s t a n t ,  t h e  p r e s e n t  
t 1 
expe r imen ta l  ~ e s u l t s  i n d i c a t e  that t h e  Gruneisen  p a r a m e t e r  
h a s  a very s e n s i t i v e  temperature dependence below 5K and 
above L 4 K ,  Again the h i g h  t e r n p e r d t u ~ e  drop i s  real while 
the drop at l o w  temperatures i s  caused by t h e  l a ~ g e  un- 
c e r t a i n t y  i n  t h e  c o e f f i c i e n t  o f  t h e r m a l  expans ion  and most 
l i k e l y  does  n o t  r e p r e s e n t  t h e  t r u e p r o p e r t i e s  o f  t h e s e  c r y s -  
t a l s .  
II 
The h i g h  t e m p e r a t u r e  d r o p  of  t h e  Grune i sen  p a r a m e t e r  
i s  i n  q u a l i t a t i v e  agreement  w i t h  t h e o r e t i c a l  c a l c u l a t i o n s  
based on t h e  quas iharmonic  approx imat ion  3 6 3 3 7  which i n -  
d i c a t e  t h a t  t h e  main v a r i a t i o n  i n  y w i t h  t e m p e r a t u r e  o c c u r s  
i n  t h e  neighborhood of  .20.  An anharmonic t h e o r y  h a s  been 
used r e c e n t l y  t o  d e t e r m i n e  t h e  t e m p e r a t u r e  dependence o f  
I t  
t h e  Grune i sen  pa ramete r  f o r  t h e  h e a v i e r  n o b l e  g a s  s o l i d s  3 8 9 8 .  
however, such  c a l c u l a t i o n s  f o r  neon have n o t  y e t  a p p e a r e d .  
B. Modern T h e o r i e s  
Most modern t h e o r e t i c a l  c a l c u l a t i o n s  of  t h e  thermo- 
dynamic p r o p e r t i e s  o f  s o l i d  neon a s  f u n c t i o n s  o f  t e m p e ~ a -  
t u r e  have employed t h e  quas i -harmonic  approx imat ion  a l -  
though r e c e n t l y  s e v e r a l  anharmonic models have  been u s e d .  
U n f o r t u n a t e l y ,  most t h e o r e t i c a l  s t u d i e s  have been l i m i t e d  
t o  n a t u r a l  neon. Only one set  o f  c a l c u l a t i o n s  f o r  2 2 ~ e  h a s  
been published; this is based on t h e  s e l f - c o n s i s t e n t  phonen 
model and w i l l  be discussed at rhe  end of t h i s  section, 
In the absence s f  exact theoretical calcu%a-hl isns we 
C have computed t h e o r e t i c a l  Debye t e m p e r a t u r e  O vs  t e m -  
p e r a t u r e  c u r v e s  f o r  2 2 ~ e  i n  a n  approximate  manner from 
e x i s t i n g  c a l c u l a t i o n s  on n a t u r a l  neon based on  t h e  q u a s i -  
harmonic t h e o r y  and on t h e  f requency  s h i f t  t h e o r y  o f  
Barron . 3 2 
The f o l l o w i n g  p r o c e d u r e  w a s  u sed  t o  o b t a i n  t h e  t h e o -  
r e t i c a l  quas i -harmonic  c u r v e  0' v s  T f o r  2 2 ~ e :  ( a )  The 
quas i -harmonic  s p e c i f i c  h e a t  v a l u e s  o f  Leech and R e i s s l a n d  3 9 
(based  on anharmonic p o t e n t i a l  p a r a m e t e r s )  o b t a i n e d  f rom t h e  
p a p e r  of  B a t c h e l d e r  e t  a 1 . 2 7  were c o n v e r t e d  t o  Debye tem- 
\ 
p e r a t u r e s ,  u s i n g  t h e  t a b l e s  o f  Giguere  and B o i s v e r t .  28 
(b) S i n c e  t h e s e  v a l u e s  of OC a r e  based on t h e  quas i -harmonic  
t h e o r y ,  i t  w a s  assumed t h a t  t h e  c o r r e s p o n d i n g  v a l u e s  o f  O C 
f o r  2 2 ~ e  c o u l d  be  o b t a i n e d  from t h e  r e l a t i o n :  
where M ( " N ~ )  and M ( ~ ~ N ~ )  a r e  t h e  molar  masses o f  n a t u r a l  
neon and 2 2 ~ e  r e s p e c t i v e l y .  Tha t  t h i s  approx imat ion  i s  
p l a u s i b l e  may be s e e n  from t h e  fac t  t h a t  t h i s  method 
y i e l d s  4 . 7 %  f o r  t h e  p e r c e n t  d i f f e r e n c e  between t h e  a b s ~ l u t e  
z e r o  values  of ElC f o r  t h e  t w o  neon i so topes .  This agrees 
q u i t e  well w i t h  the v a l u e  of 4,3% obtained by Barron and 
~ l e i n ' "  us ing  quasiAarmonic theory. These quasi-harmonic 
C Q vs t e m p e r a t u r e  c u r v e s  f o r  2 0 ~ e  and 2 2 ~ e  ( labeled  Q(20) 
and Q ( 2 2 )  r e s p e c t i v e l y )  a r e  shown i n  F ig .  5 .  41 The same 
f i g u r e  a l s o  i n c l u d e s  t h e  e x p e r i m e n t a l  0' c u r v e s  c o r r e c t e d  
f o r  t h e r m a l  expans ion .  These a r e  l a b e l e d  X ( 2 0 )  and X(22) .  
Note t h a t  a l t h o u g h  t h e  quas iharmonic  c u r v e s  f a l l  w e l l  below 
t h e  e x p e r i m e n t a l  ones  t h e i r  s h a p e s a r e  q u i t e  s imilar .  
T h i s  a g r e e s  w i t h  t h e  f requency  s h i f t  t h e o r y  o f  Barron 
mentioned e a r l i e r .  
The f requency  s h i f t  model of  ~ a r r o n ~ ~  i s  a n  anharmonic 
model which y i e l d s  numer ica l  r e s u l t s  t h a t  may be  compared 
w i t h  exper iment .  The a n a l y s i s  i s  based on t h e  f o r m a l  
anharmonic Born van Karman c a l c u l a t i o n s  o f  L e i b f r i e d  and 
~ u d w i ~ . ~ ~  According t o  t h i s  model t h e  l a r g e  non-harmonic 
a tomic  mot ions  i n  c r y s t a l s  (due  t o  t h e r m a l  and z e r o  p o i n t  
e f f e c t s )  c a u s e  a  s h i f t  i n  t h e  i n d i v i d u a l  f r e q u e n c i e s  o f  t h e  
quas i -harmonic  spect rum.  The r e l a t i v e  s h i f t  i s  p r o p o r t i o n a l  
t o  t h e  t o t a l  v i b r a t i o n a l  ene rgy  o f  t h e  l a t t i c e .  That  i s :  
where v i s  t h e  f requency  and e i s  t h e  v i b r a t i o n a l  ene rgy  
( thermal  p l u s  ze ro  p o i n t )  i n  u n i t s  of 3 8 ,  R b e i n g  t h e  gas  
constant. The anharmonic coefficientQ3 A can be appro- 
ximated from "he 2xperirneratal Debye t e m p e r a t u s e  at a b s o l u t e  
z e r o  CIexPe The fo l l owing  e q u a t i o n  may be used :  3 2 
0 
h  h  
where O ( - 3 )  and O ( 2 )  are t h e  low and h igh  t e m p e r a t u r e  
l i m i t s  of  t h e  Debye t empe ra tu r e  ob t a ined  from t h e  s p e c i f i c  
h e a t  i n  t h e  quasi-harmonic approximat ion.  Other  methods 
of e v a l u a t i n g  t h e  c o n s t a n t  A may a l s o  be used.  45-47 
exp = 74.5K f o r  2 0 ~ e  Using o u r  expe r imen t a l  v a l u e  o f  O0 
h  h  
and t h e  quasi-harmonic v a l u e s  of  O ( -3)  and O ( 2 )  o b t a i n e d  
from Leech and Re i s s l and  we o b t a i n  t h e  v a l u e  o f  4 . 8  x  deg.  -1 
f o r  A ,  which i s  ve ry  c l o s e  t o  p r ev ious  e s t i m a t e s .  47,27 
However, t h e  v a l u e  o b t a i n e d  f o r  2 2 ~ e  u s i n g  O exp = 71.1K, 
0 
h  h  
and t h e  v a l u e s  o f  O ( - 3 )  and O ( 2 )  ob t a ined  from Eq. 1 0  
-1 
and t h e  Leech and Re i s s l and  d a t a  i s  A = 5 . 3  x  l o e 3  deg .  . 
T hi s  canno t  be c o r r e c t  because  2 2 ~ e ,  be ing  h e a v i e r  than20Ne,  
should  e x h i b i t  s m a l l e r  anharmonic e f f e c t s  and t h u s  have  a  
s m a l l e r  v a l u e  of  t h e  anharmonic c o e f f i c i e n t  A .  T h i s  s m a l l  
d i s c r epancy  i s  undoubtedly  due  t o  t h e  l a r g e  number o f  ap- 
p r o x h a t i o n s  used i n  t h e s e  c a l c u l a t i o n s .  A s t u d y  o f  t h e  
2 7  
r a nge  of  A ha s  been made by Ba t che lde r  e t  a1 f o r  neon. 
T h e i s  conc lu s ion  t h a t  A i s  u n c e r t a i n  by a f a c t o r  of 2 i s  s t i l l  
valid. 
As a result o f  the f requency  s h i f t  g i v e n  by Eq* 9 
t h e  anharmonic t h e r m s d y n m i c  quantities a r e  s h i f t e d  relative 
t o  t h e  c o r r e s p o n d i n g  quas i -harmonic  q u a n t i t i e s ,  I n  t h e  
c a s e  o f  t h e  s p e c i f i c  h e a t  i t  can  be  shown4 t h a t  t h e  an- 
harmonic s p e c i f i c  h e a t  c ~ ( T )  a t  t e m p e r a t u r e  T i s  r e l a t e d  
h  t o  t h e  quas iha rmonic  s p e c i f i c  h e a t  C ( T ' )  a t  s l i g h t l y  d i f -  
f e r e n t  t e m p e r a t u r e  T'  by t h e  e q u a t i o n :  
where 
The q u a n t i t y  c i s  t h e  quas i -harmonic  s p e c i f i c  h e a t  i n  u n i t s  
of  3 R .  Thus i f  t h e  quas i -harmonic  s p e c i f i c  h e a t  i s  known 
a s  a f u n c t i o n  of t e m p e r a t u r e ,  Eqs.11 and 1 2  a l l o w  one  t o  
g e n e r a t e  t h e  cor respond ing  anharmonic c u r v e s .  T h i s  
was f i r s t  done by Batckrelderet  a1 f o r  n a t u r a l  neon. 27 
We have  t a k e n  t h e  quas i -harmonic  c u r v e s  Q(20) and Q(22) 
of F i g .  5 and used them t o  g e n e r a t e  anharmonic Debye t e m -  
p e r a t u r e  c u r v e s  u s i n g  Eqs. 11 and 1 2 .  These c u r v e s  are 
l a b e l e d  B ( 2 O )  and B ( 2 2 )  i n  F i g .  5 .  I n  o b t a i n i n g  B(20) 
and B ( 2 2 )  we t o o k  t h e  anharmonic c o e f f i c i e n t  A t o  be 5 x 
degW'. E q .  4 was used  to r e fe r  these cu rves  to the crystal 
volume at 0 K ,  We also i n c l u d e  i n  t h e  figure t h e  e x g e r i -  
menta l  r e s u l t s  sf Fagestroem and H o l l i s  Mallet 
and o f  F e n i c h e l  and S e r i n .  For c l a r i t y  o n l y  t h e  h i g h  
t e m p e r a t u r e  d a t a  o f  t h e s e  e x p e r i m e n t a l  c u r v e s  are i n -  
c luded  i n  F i g .  5. A t  low t e m p e r a t u r e s  t h e  t h r e e  sets  of 
e x p e r i m e n t a l  d a t a  are i n  good agreement  w i t h  each o t h e r .  
It  c a n  be  s e e n  from F i g .  5 t h a t  t h e  t h e o r e t i c a l  
c a l c u l a t i o n s  based on B a r r o n ' s  f r e q u e n c y  s h i f t  model g i v e  
a b e t t e r  agreement  w i t h  exper iment  t h a n  i s  g i v e n  by t h e  
quas i -harmonic  t h e o r y ,  e s p e c i a l l y  a t  low t e m p e r a t u r e s .  
Above 9 K ,  however,  t h e  f r e q u e n c y  s h i f t e d  c u r v e s  b e g i n  
t o  d i v e r g e  from t h e  e x p e r i m e n t a l  c u r v e s .  The d i f f e r e n c e  
i n  t h e  Debye t e m p e r a t u r e  a t  T = 1 3  K i s  3 K which c o r r e s p o n d s  
t o  a 5% d i f f e r e n c e  i n  s p e c i f i c  h e a t .  T h i s  d i f f e r e n c e  i n -  
c r e a s e s  r a p i d l y  w i t h  r i s i n g  t e m p e r a t u r e s .  Thus a t  h i g h  
t e m p e r a t u r e s  t h e  s i m p l e  f r e q u e n c y  s h i f t  model o f  Barron 
t e n d s  t o  u n d e r e s t i m a t e  t h e  s p e c i f i c  h e a t .  We n o t e  however 
t h a t  t h e  p e r c e n t  d i f f e r e n c e  i n  t h e  Debye t e m p e r a t u r e s  o f  
2 0 ~ e  and 2 2 ~ e  p r e d i c t e d  by t h i s  t h e o r y  does  a g r e e  w i t h  
p r e s e n t  r e s u l t s  q u i t e  w e l l  t h r o u g h o u t  t h e  e n t i r e  t e m p e r a t u r e  
r a n g e .  
R e c e n t l y  some quas i -harmonic  c a l c u l a t i o n s  on n a t u r a l  
neon b y G u p t a  and ~ u p t a ~ ~  have a p p e a r e d  i n  which a Buckingham 
intermolecular potential function was used instead of a 
Eennard-Jones p o t e n t i a l .  This potential is more satisfaeto~y 
from a t h e o r e t i c a l  p o i n t  sf v i e w  b u t  ha s  n o t  o f t e n  been  
used because  o f  t h e  c a l c u l a t i o n a l  d i f f i c u l t i e s  i nvo lved .  
The Debye t empe ra tu r e  curve  f o r  2 0 ~ e  c a l c u l a t e d  w i t h  t h i s  
model u s i n g  anharmonic p o t e n t i a l  pa r ame te r s ,  i s  shown 
i n  F ig .  5 as t h e  cu rve  l a b e l e d  GG(20). Th i s  cu rve  i s  i n  
remarkably  good agreement w i t h  exper iment  even though 
anharmonic e f f e c t s  have been t a k e n  i n t o  accoun t  o n l y  a t  
a b s o l u t e  z e r o  i n  f i x i n g  t h e  p o t e n t i a l  pa ramete r s .  Below 
10  K t h i s  c u r v e  d e v i a t e s  more from t h e  expe r imen t a l  cu rve  
t h a n  does  t h e  f requency  s h i f t  cu rve  B(20 ) ,  however above 
10K it keeps  t h e  same shape as t h e  expe r imen t a l  cu rve  
wh i l e  t h e  f r equency  s h i f t  cu rve  d i v e r g e s .  Above 11 K 
t h e  quas i -harmonic  curve  o f  Gupta and Gupta i s  a c t u a l l y  
i n  b e t t e r  agreement w i th  exper iment  t h a n  i s  t h e  anharmonic 
f requency  s h i f t  cu rve .  
It  i s  t empt ing  t o  t r y  t o  a p p l y  B a r r o n t s  f r equency  
s h i f t  method d e s c r i b e d  above t o  t h e  cu rve  of  Gupta and 
Gupta t o  s e e  i f  it r e s u l t s  i n  even b e t t e r  agreement w i t h  
exper iment .  However, t h i s  i s  n o t  p o s s i b l e  because  when 
t h e  GG(20) cu rve  i s  e x t r a p o l a t e d  t o  a b s o l u t e  z e r o  t h e  
h  
r e s u l t i n g  v a l u e  0 ( - 3 )  s o  o b t a i n e d  i s  a lmos t  i d e n t i c a l  
t o  t h e  expe r imen t a l  v a l u e  @Exp. T h i s  c ause s  t h e  anharmonic 
coefficient,and c o n s e q u e n t l y  the f r e q u e n c y  shifts, to vanish. 
The e x c e l l e n t  agreement bezween these c a l c u l a t i o n s  and 
exper iment  l e a d s  one t~ q u e s t i o n  t h e  u s e f u h e s s  sf t h e  
Lennard-Jones p o t e n t i a l  i n  d e s c r i b i n g  t h e  f o r c e s  between 
neon atoms.  I t  i s  u s u a l l y  t a c i t l y  assumed t h a t  t h i s  po ten-  
t i a l  p r o v i d e s  a n  a d e q u a t e  d e s c r i p t i o n  o f  t h e s e  i n t e r m o l e -  
c u l a r  f o r c e s  and t h e  r e a s o n  t h a t  s a t i s f a c t o r y  r e s u l t s  are 
n o t  o b t a i n e d  i s  blamed on t h e  inadequacy of  t h e  dynamical  
t h e o r y  r a t h e r  t h a n  on t h e  inadequacy o f  t h e  Lennard-Jones 
p o t e n t i a l ;  i . e .  on  t h e  f a c t  t h a t  i n s t e a d  of  u s i n g  a p r o p e r  
anharmonic t h e o r y  a t  a l l  t e m p e r a t u r e s ,  a quas i -harmonic  
t h e o r y  i s  employed w i t h  a n h a r m o n i c i t y  i n t r o d u c e d  o n l y  a t  
a b s o l u t e  z e r o  i n  t h e  c a l c u l a t i o n  o f  t h e  p o t e n t i a l  pa ra -  
m e t e r s .  The f a c t  t h a t  p r e c i s e l y  t h e  same dynamical  t h e o r y  
w i t h  a d i f f e r e n t  i n t e m o l e c u l a r  p o t e n t i a l  ( i . e .  t h e  
Buckingham p o t e n t i a l )  y i e l d s  good r e s u l t s  would seem t o  
i n d i c a t e  t h a t  it i s  n o t  t h e  dynamical  t h e o r y  which i s  a t  
f a u l t .  
A v e r y  promis ing  anharmonic t h e o r y  of  s o l i d s  which 
i s  c u r r e n t l y  much i n  u s e  i s  t h e  s e l f - c o n s i s t e n t  phonon 
model 4 9 ' 5 0 .  I n  t h i s  model t h e  s o l i d  i s  assumed t o  c o n s i s t  
o f  a c o l l e c t i o n  o f  phonons whose f r e q u e n c i e s  a r e  d e t e r m i n e d  
s e l f - c o n s i s t e n t l y .  No assumpt ion  i s  made a b o u t  t h e  s m a l l -  
n e s s  of t h e  a m p l i t u d e s  of a tomic  v i b r a t i o n s ,  T h i s  overcomes 
t h e  major weakness sf the Born-van Karman t h e o r y .  An ef- 
fective Mamiltonian o f  t h e  harmonic oscillates form is as- 
sumed, The c o u p l i n g  parmeters a re  l e f t  as v a r i a t i o n  
parameters which are determined by minimizing a trial 
free energy. An iterative process yields the self con- 
sistent frequencies as well as the polarization vector. 
The calculations have employed a Lennard-Jones intermole- 
cular potential. 
The self-consistent phonon model was first used to 
calculate the thermodynamic properties of the noble gas 
solids by Gillis et al. 49  The results were not very accurate, 
and, included only ONe. However, improved calculations 
based on this model have been made by Goldman et a1 51 
who computed Cp and CV between 7 K and the triple point 
for solid 2 0 ~ e  and 2 2 ~ e  using a 6-12 and a 6-13 model 
Lennard-Jones intermolecular potentials. It was not pos- 
sible to extend these calculations below 7 K because 
the method involves using temperature derivatives of the 
free energy, which varies very slowly at low temperatures. 
In order to compare the results of Goldman et a1 with 
those discussed earlier their CV values have been converted 
to Debye temperatures and then corsected for thermal ex- 
pansion. The 6-13 results shown in Fig. 5. The open 
circles correspond to * ' ~ e  and the closed to 22~e. The 
data derived from a 6-12 potential deviate more from ex- 
periment and are n o t  shown on this dgagram. 
The results of the self-consistent phonon calculation 
are i n  good agreement  with exper iment  a t  i n t e r m e d i a t e  
t e m p e r a t u r e s .  However, t h e  shape  of  t h e  c u r v e s  d i f f e r  
from t h e  e x p e r i m e n t a l  ones  and d i v e r g e  from them a t  h i g h  
t e m p e r a t u r e s .  T h i s  d i v e r g e n c e  i s  less pronounced t h a n  
t h a t  of t h e  f r e q u e n c y  s h i f t  c u r v e s  B ( 2 0 )  and B ( 2 2 ) .  
I n  F i g .  6 w e  show t h e  i s o t o p e s  e f f e c t  i n  t h e  s p e c i f i c  
h e a t .  The f i g u r e  i n c l u d e s  t h e  c a l c u l a t i o n s  o f  Goldman, 
e t .  a l . ,  t h e  p r e s e n t  e x p e r i m e n t a l  r e s u l t s  and C l u s i u s '  
d a t a .  The agreement  between t h e  c a l c u l a t i o n s  o f  t h e  se l f -  
c o n s i s t e n t  phonon model and p r e s e n t  r e s u l t s  i s  v e r y  good. 
Although t h e  6-13 p o t e n t i a l  d a t a  l i e  c l o s e r  t o  t h e  ex- 
p e r i m e n t a l  c u r v e  t h a n  do t h e  6-12 d a t a ,  t h e y  a r e  b o t h  w i t h -  
i n  e x p e r i m e n t a l  e r r o r .  
F i n a l l y ,  we compare t h e  p r e s e n t  work w i t h  t h e  i n -  
e l a s t i c  n e u t r o n  s c a t t e r i n g  d a t a  of  Leake e t .  a l e  5 2 ,  who 
o b t a i n e d  d i s p e r s i o n  c u r v e s  f o r  a  s i n g l e  c r y s t a l  o f  n a t u r a l  
neon i n  a l l  p r i n c i p a l  s y m e t r y  d i r e c t i o n s  a t  4.7K. The 
e x p e r i m e n t a l  d a t a  were r e p r e s e n t e d  by smooth c u r v e s  de-  
r i v e d  from a  f o r c e  c o n s t a n t  a n a l y s i s  u s i n g  a Born van  
Karman model. A Mie-Lennard-Jones i n t e r m o l e c u l a r  p o t e n t i a l  
model w a s  u s e d ,  and t h e  a n a l y s i s  was c a r r i e d  o u t  t o  second 
and t h i r d  neasest neighbor approximations. The d e n s i t y  af 
slates c u r v e  whicla was c a l c u l a t e d  from the force con- 
s t a n t s  was used to f i n d  s p e c i f i c  heat and Bebye temperature 
c u r v e s ,  The Debye temperature c u r v e  which r e s u l t s  f r o m  
t h e  second n e a r e s t  ne ighbor  approx imat ion  a p p e a r s  i n  
F ig .  5 l a b e l e d  INS(20) .  The i n e l a s t i c  n e u t r o n  scat- 
t e r i n g  c u r v e  shows t h e  b e s t  agreement  w i t h  t h e  p r e s e n t  
exper iment .  The agreement  i s  q u i t e  good t h r o u g h o u t  t h e  
t e m p e r a t u r e  r a n g e  shown. Above 8 K  t h e  two c u r v e s  a r e  
w i t h i n  t h e  e x p e r i m e n t a l  e r r o r  o f  t h e  p r e s e n t  work. A t  
h i g h  t e m p e r a t u r e s  t h e  i n e l a s t i c  n e u t r o n  s c a t t e r i n g  c u r v e  
remains  f l a t  and d o e s  n o t  r i s e  r a p i d l y  w i t h  t e m p e r a t u r e  
as do t h e  t h e o r e t i c a l  c u r v e s  o f  Barron and Goldmann e t .  a l .  
V .  CONCLUSION 
I n  comparing o u r  e x p e r i m e n t a l  r e s u l t s  w i t h  v a r i o u s  
t h e o r i e s  of  l a t t i c e  dynamics w e  conc lude  t h a t  p u r e l y  
quas i -harmonic  t h e o r i e s  a r e  n o t  s a t i s f a c t o r y .  P r e s e n t  
anharmonic t h e o r i e s  a g r e e  much b e t t e r  w i t h  e x p e r i m e n t ,  a l -  
though t h e  r e s u l t s  depend g r e a t l y  on t h e  i n t e r m ~ l e c u l a r  
p o t e n t i a l  used .  For example, t h e  i n t r o d u c t i o n  of an- 
h a r m o n i c i t y  a t  a b s o l u t e  z e r o  i n  f i x i n g  t h e  i n t e r m o l e c u l a r  
p o t e n t i a l  p a r a m e t e r s  y i e l d s  r e s u l t s  which are i n  good 
agreement w i t h  exper iment  o n l y  when a Buckingham p o t e n t i a l  
i s  used ,  The Hie-b,eranard-Jon@s p o t e n t i a l  does not give 
good r e su i - t t s  in this case. When anharmoniciLy i s  i n -  
eluded a t  a11 t e m p e r a t u r e s ,  as i n  t h e  Barron and s e l f -  
c o n s i s t e n t  p h ~ n o n  models ,  agreement  w i t h  exper iment  
i s  good below 14K when a Mie-Lennard-Jones p o t e n t i a l  i s  
used .  However, a t  h i g h  t e m p e r a t u r e s  (above 14K) a  d i s -  
c repancy  between t h e o r y  and exper iment  a r i s e s  which i n -  
c r e a s e s  w i t h  i n c r e a s i n g  t e m p e r a t u r e .  
We conc lude  t h a t  e x i s t i n g  anharmonic t h e o r i e s  
are a p p r o p r i a t e  f o r  t h e  d e s c r i p t i o n  of  t h e  nob le  g a s  
s o l i d s .  However, i t  i s  l i k e l y  t h a t  b e t t e r  agreement  
w i t h  exper iments  would r e s u l t  by u s i n g  a n  improved po ten-  
t i a l  f u n c t i o n  r a t h e r  t h a n  t h e  Mie-Lennard-Jones p o t e n t i a l .  
I n  p a r t i c u l a r ,  more c a l c u l a t i o n s  u s i n g  t h e  Buckingham 
p o t e n t i a l  i n  t h e  s t y l e  of Gupta and Gupta would be most 
welcome. 
ACKNOWLEDGMENTS 
We t h a n k  P r o f e s s o r  Bernard G~odman f o r  i n f o r m a t i v e  
d i s c u s s i o n s ,  and Messrs .  A.Me Chase and R e  Wooley who 
c o n s t r u c t e d  t h e  c r y a s t a t ,  We a r e  a l s o  p l e a s e d  t o  ack-  
nowledge D r s .  G,K, Harton and Pl .Le K l e i n  f o r  t h e i r  i n -  
t e r e s t  i n  t h i s  work and f o r  p r o v i d i n g  us w i t h  t h e i r  re- 
s u l t s  p r i m  to p u b l i c a t i o n ,  
2 0 ~ e .  C = Specific heat a t  constant p r e s s u r e ;  Cv = S p e c i f i c  P 
hea t  a t  c o n s t a n t  volume;  S = e n t r o p y ;  H = e n t h a l p y ;  y = 
11 
g r u n e i s e n  p a r a m e t e r .  
,Table 11. Smoothed Values of Some Thermodynamic Functions 
- of 2 2 ~ e .  C = Specific heat at constant pressure; Cv - P 
Specific heat at constant volume; S = entropy; H = enthalpy; 
11 
y = gruneisen parameter. 
APPENDIX I - Measured s p e c i f i c  h e a t s  o f  s o l i d  2 0 ~ e .  
Run 1 
( .0889 moles )  
Run 2 
( .  1084 moles) 
Run 3 
(.lo70 Moles) 
APPENDIX I1 - M e a s u r e d  specific h e a t s  of s o l i d  2 2 ~ e  
Run 2 




1. E.R, Bobbs and 6 . 0 .  J o n e s ,  R e p t s ,  P r o g r s ,  Phys.  2 0 ,  
-
516 ( 1 9 5 7 ) .  
2 .  G e  Boa to ,  Cryogen ics  - 4 ,  65 ( 1 9 6 4 ) .  
3. G .L .  P o l l a c k ,  Rev. Mod. Phys.  36 ,  748 ( 1 9 6 4 ) .  
-
4. G . K .  H o r t o n ,  Am, J .  of  Phys.  3 6 ,  93 ( 1 9 6 8 ) .  
-
5 .  N . R .  Werthamer,  Am. J .  of Phys.  3 7 ,  763 ( 1 9 6 9 ) .  
-
6 .  B .L .  S m i t h ,  Contemp. Phys.  - 11, 1 2 5  ( 1 9 7 0 ) .  
7 .  A q u a l i t a t i v e  measure  of  t h e  quantum v s .  c l a s s i ca l  
b e h a v i o r  o f  a s o l i d  i s  g i v e n  by t h e  D e  Boar p a r a m e t e r  and  
t h e  r a t i o  o f  t h e  z e r o  p o i n t  e n e r g y  t o  t h e  s u b l i m a t i o n  
e n e r g y  o f  t h e  s o l i d .  Numeri6al  v a l u e s  f o r  t h e s e  p a r a m e t e r s  
f o r  neon are  g i v e n  by J . S e  Brown, P r o c .  Phys.  Soc. 8 9 ,  
-
987 ( 1 9 6 6 ) .  
8 ,  M e  K l e i n ,  G , K .  Hor ton ,  and J , L .  Feldman, Phys.  Rev, 184  
P 
9 .  The s p e c i f i c  h e a t  measured i s  a c t u a l l y  CS, t h e  s p e c i f i c  
h e a t  o f  t h e  s o l i d  i n  e q u i l i b r i u m  w i t h  i t s  v a p o r .  The 
d i f f e r e n c e  between CS and C i s  s m a l l  f o r  neon - a b o u t  
P  
-1% a t  t h e  t r i p l e  p o i n t .  
and A-Z, Sperandio, N a t u r f o ~ s c h u n g  1 5 2 ,  P ( 1 9 6 0 1 ,  
v 
11. G n A e  Cook, in A Helium, and the Rare Gases, edited 
" ~ ~ l J _ - "  -__I 
H, F e n i e h e l  and B ,  Serin, Pbys* Rev, - 1 4 3 ,  490 119661- 
C , H ,  Fagestroem and A, C. Mallis Hallet, in - Low 
edited by J . G ,  Daunt, D.0, 
Edwards, F ,  J. Milford, and M, Yaqub (Plenum Press Inc., 
New Uork, 19651, p. 1092. 
S.S, Shinozaki and A. Arrott, Phys. Rev. - 152, 611 (1966). 
Cryocal, Znc., 1371 Avenue "E" ,  Riviera Beach, Fla, 33404. 
The General Electric Co., Schenectady, N.Y. 
I?. G. Brickwedde, H. van Dijk, M e  Durieux, J. R. Clement, 
and J. K. Logan, s 
National Bur. Standards, Monograph 10. 
E. Somoza, Thesis, Univershty of Cincinnati, 196% 
(unpublished 1. 
W,H.  Keesom, Helium, (Elsvier, Amsterdam, 1942), p. 49. 
G .  Ah1ers and J . F ,  Macre, Rev, Sci, Inst. - 37, 962 (19661, 
Mound Laboratories, Miamisburg, Ohio, 45342. 
Guildline Instruments, Ltd,, Smith Falls, Ontario, Canada, 
Keithley Instruments, 12415 Euclid klvenue, Cleveland, Ohio. 
Note that the 2 2 ~ e  data for Run I are missing. An error 
in the measuring procedure invalidated the 2 ~ e  portion 
of this run. 
M.W. Zemansky, (MeGraw-Mil% 
Book Company, I n e * ,  N e w  York, 1 9 5 7 1 ,  4th e d .  
26, A 1 P  these quantities have  been measu red  ( s e e  R e f ,  2 9 )  
except  for 2 2 ~ e .  F o r  this we have t a k e n  t h e  v a l u e s  
s u g g e s t e d  i n  R e f ,  2 7 ,  whish  a re  t a k e n  t o  be  3 , 5 %  l o w e r  
t h a n  t h e  c o r r e s p o n d i n g  v a l u e s  f o r  2 0 ~ e .  
2 7 .  D.N. B a t c h e l d e r ,  D . L .  Losee ,  and R I O e  Simmons, Phys .  
Rev. 1 6 2 ,  767 ( $ 9 6 7 ) ;  D . M ,  B a t c h e l d e r ,  Atomic Energy  
Commission R e p o r t  No, COO-1198-296. 
28. P ,  G i g u e r e  and M .  B o i s v e r t ,  T a b l e s  d e s  F u n c t i o n s  
( L e s  P r e s s e s  d e  1 ' U n i v e r s i t e  
L a v a l ,  Quebec, 1 9 6 2 ) .  
29. T h e r e  i s  some c o n t r o v e r s y  a b o u t  t h e  v a l i d i t y  o f  t h i s  
e q u a t i o n ,  a l t h o u g h  it i s  w i d e l y  u s e d .  See  R e f .  4 
f o r  a d i s c u s s i o n  o f  t h e  e q u a t i o n ,  
30. E.  Sornoza and H e  F e n i c h e l ,  i n  - 
LT I $ ,  e d i t e d  by J . F e  A l l e n ,  D,M. F i n l a y s o n ,  and D. 
M. M ~ C a l l  ( U ,  o f  S t ,  Andrews P r i n t i n g  D e p t . ,  1969)  p.  5 4 9 .  
31. No d e t a i l e d  a n a l y s e s  o f  vacancy  c o n t r i b u t i o n s  t o  t h e  
t h e ~ m o d y n m i c  p r o p e r t i e s  o f  s o l i d  neon have  been  p u b l i s h e d ,  
For  a d i s c u s s i o n  of v a c a n c i e s  i n  some of t h e  h e a v i e r  
NGS see D , L ,  Losee  and R * Q .  Simmons, Phys ,  Rev, 1 7 2 ,  
-
9 3 4  ( 1 9 6 8 )  0 . 6 -  P e t e r s o n ,  D . N .  B a t c h e l d e r  and R e O ,  Simmons, 
P h i l ,  Mag, 1 2 0 ,  1 1 3 3  ( $ 9 6 5 ) ,  
3 2 ,  T.W,K, Barrsn in La 
-
e d i t e d  by R,F, 
Wallis (Pe~gamsn Press, Oxford,  19641, g ,  247, 
&eve $50, 7 0 3  g E 3 6 6 1 ,  
-- 
l i  
3 4 ,  E, Gruneisen e d i t e d  by H e  G e i g e s  
and K .  S c h e e l  ( V e r l a g  v s n  J u l i u s  S p r i n g e r ,  B e r l i n  1 9 2 6 ) ,  
Vol. X, p.  1, 
35. W.K. Sample,  and  C . A e  Swenson, Phys .  Rev, - 1 5 8 ,  
188 ( 1 9 6 7 ) .  
36. T,H.K. B a r r o n ,  P h i l .  Mag. - 4 6 ,  720 ( 1 9 5 5 ) .  
37. G . K .  Worton, and  J.W. Leech ,  P r o c .  Phys.  Soc.  - 8 2 ,  
816 (19631,  
38,  G ,  Feldman, J , L .  Feldman, G . K .  H o r t o n ,  and  M,L. K l e i n ,  
P r o c ,  Phys.  Soc ,  - 90,  1182 ( 1 9 6 7 ) .  
39. J.W. Leech and J . A e  Weisshand,  D i s c u s s i o n s  o f  t h e  
Faraday  Soc.  - 4 0 ,  1 2 3  ( 1 9 6 5 ) .  
4 0 .  T , H . K ,  B a r r e n  and M.L. K l e i n ,  Psoc .  Phys ,  Soc ,  
(London) - 8 5 ,  5 2 3  (19651.  
41. The s l i g h t  d i f f e r e n c e  between 2 0 ~ e  and n a t u r a l  neon  
i s  n e g l e c t e d  i n  t h i s  d i s c u s s i o n .  
42. G ,  L e i b f r i e d  and  W, -Ludwig i n  
e d i t e d  by 6 .  S e i t z  and D. T u r n b u l l  (Academic P r e s s ,  
New Uerk 1961) p ,  2 7 5 ,  
43,  These i s  some c o n f u s i o n  i n  t h e  n o t a t i o n  u s e d  i n  
t h e  litepature f o r  t h i s  anharmonic  c o e f f i c i e n t ,  The 
syr~ibol A is used  for t h e  c o e f f i c i e n t  sf E q s .  9 - 1 2 ,  
%.bowever, xhe same symbol A is a l so  used  by some 
aurhp .a~e  i r a  .l:X:e big11 teritper>dTurc expcsnsivn equatisa~n; 
h 
- Cvi 3%4k I; - ~'/3~k ; AT, R e f .  4 4 .  This 
l a t t e r  A is actually t h e  negative o f  the former,  
F o r  a d i s c u s s i o n  sf t h i s  see S e c t i o n  I1 o f  R e f ,  
4 5 ,  
44 .  S e e  f o r  e x a m p l e :  A,A. M a r a d u d i n ,  P.A. F l i n n ,  a n d  R.A, 
C o l d w e S I - H o r s f e l l  Ann. P h y s .  (N.Y.) - 1 5 ,  3 6 0 ( 1 9 6 1 ) ,  
a n d  M.P. T o s i  a n d  % , G .  Fumi P h y s .  Rev. - 1 3 1 ,  1 4 5 8  
( 1 9 6 3 ) .  
4 5 .  D.M.T, Newsham P h y s ,  Rev, - 1 5 2 ,  8 4 1 ( 1 9 6 6 ) .  
4 6 .  J. KuebLes  a n d  M.P, T o s i  P h y s ,  Rev.  1 3 7 ,  A 1 6 1 7 ( 1 9 6 5 ) .  
47 .  E .  Somoza a n d  H ,  F e n i c h e l  J. Chem. P h y s .  - 4 8 ,  2382 
( 1 9 6 8 1 ,  
48 .  R .M,  Gupta  a n d  N.P, G u p t a  Nuovo G i m e n t o  66B, 1 ( 1 9 7 0 ) ,  
4 9 .  N.S, G i l l i s ,  N . R ,  W e r t h a m e r ,  and T.R, K o e h l e r ,  P h y s .  
Rev. - 1 6 5 ,  9 5 1 ( 1 9 6 8 ) ,  
50 .  N . R ,  W e r t h a m e r  Am. J. of P h y s .  - 3 7 ,  7 6 3 ( 1 9 6 9 ) .  
5 1 ,  V , V ,  Goldman,  G , K *  WOr t sn ,  a n d  M.L. K l e i n ,  6 .  Low 
Temp, P h y s ,  - l ,  3 9 1 ( 1 9 6 9 ) ,  
52 .  J . A ,  Leake,  W,B, D a n i e l s ,  d o  S k a l y o  Jr . ,  B,C. Frazer, 
and G. S h i r a n e ,  P h y s ,  Rev. - 1 8 1 ,  L 2 5 1 ( % 9 6 9 ) ,  
FIGURE CAPTIONS 
Experi.men"tal temperature dependence of t h e  Debye 
t e m p e r a t u r e  ElC r educed  from t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  
volume. o-o p r e s e n t  r e s u l t .  x-x C l u s i u s  e t ,  a l .  ( R e f .  
101,  n a t u r a l  neon measurements o f  F e n i c h e l  and S e r i n ,  
(Ref .  1 2 ) .  The e x t r a p o l a t i o n  t o  O K  was a c h i e v e d  by f i t -  
t i n g  t h e  low t e m p e r a t u r e  p o i n t s  t o  a  p a r a b o l a .  The c u r v e s  
have  n o t  been c o r r e c t e d  f o r  t h e r m a l  expans ion  of t h e  s o l i d .  
Temperature dependence of t h e  Debye t e m p e r a t u r e  
C O (Vo ,T)  c o r r e s p o n d i n g  t o  t h e  c r y s t a l  volume a t  a b s o l u t e  
z e r o .  I n  a d d i t i o n  t o  t h e  d a t a  found i n  F i g .  1, t h e  n a t u r a l  
neon d a t a  o f  Fagestroem and H o l l i s  H a l l e t  (Ref .  1 3 )  i s  
a l s o  i n c l u d e d  ( A A  1. 
I f  
T e s t  of t h e  e m p i r i c a l  Gruneisen  e q u a t i o n  of  s t a t e  
f o r  t h e  s o l i d  neon i s o t o p e s ,  The numbers a d j a c e n t  t o  the 
p o i n t s  on t h e  g r a p h  cor respond  t o  t h e  t e m p e r a t u r e s  a t  
t 1 
which t h e  q u a n t i t i e s  a p p e a r i n g  i n  t h e  Grune i sen  e q u a t i o n  
o f  s tate were e v a l u a t e d ,  
t I  
Temperature dependence of E r u n e i s e n  p a r a m e t e r  
Y B/P C v x T -  The lower  c u r v e  shows t h e  p r e s e n t  r e s u l t s  
for b o t h  i s o t o p e s .  x x i s  2 0 ~ e  and o  0 i s  2 2 ~ e .  The 
upper c u r v e  shows t h e  r e s u l t s  s f  C l u s i u s  et. ale (Ref ,  
1 0 ) .  e o is 2 0 ~ e  and LA i s  2 2 ~ e .  In all cases the 
q u a n t i t i e s  R ,  p,  and x were t a k e n  Prom Rateheldep et a%, T 
{Ref, 27;- 
Cslnparison of the temperature depeaadence of the 
Debye temperature iiC froin various theoretical lnodels and 
experimental measurements, 
Q(20), Q(22) - Quasi-harmonic calculations of Leech and 
Reissland (Ref, 3 9 ) .  
B(20), B(22) - Frequency shift calculations 
GG(20) - Quais-harmonic calculations of Gupta and 
Gupta (Ref. 4 8 ) .  
X(20), X(22) - Present experimental results 
INS(20) - Inelastic neutron scattering calculations 
sf Leake et, ale (Ref, 52). 
00, C)Q - Are self-consistent phsnon calculations 
for 2 0 ~ e  and 2 2 ~ e  respectively using a 
6-13 model potential. (Ref. 51). 
8 8 ,  A& - represent the experimental data of Fenichel 
and Serin (Ref, 22) and Fagestreem and 
Hollis Hallet (Ref, 13) respectively. All 
curves refer to the crystal volume at ab- 
solute aeso. 
Isotopic differences in the specific heat at eon- 
stant pressure for 2 0 ~ e  and 22~e. e @ present results, 
x x Clusius et, al, (Ref, 101, o Q 6-13 theory of Goldman 
et. a%, (Ref. 5 1 1 ,  & A  6-12 Theory of Goldman e t  al, The 
s o l i d  c u r v e  in a smooth fit of the present data, 
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